Quantum confinement is known to influence fermionic condensates, resulting in quantum-size oscillations of superfluid/superconducting properties. Here we show that the impact of quantum-size effects is even more dramatic. Under realistic conditions, a significant phase-space reconfiguration induced by quantumsize effects opens a quasi-molecule channel in the fermionic pairing so that the condensed pairs exhibit features typical of a molecular state. As an illustration we consider a quasi-one-dimensional fermionic condensate, as realized, e.g., in cigar-shaped atomic Fermi gases or superconducting quantum wires. In this case the transverse quantization of the particle motion favors pairing through a coherent superposition of quantum channels that are formed due to the grouping of single-particle levels into a series of well distinguished subbands. Whenever the bottom of a subband approaches the Fermi level, the longitudinal spatial distribution of fermions in a condensed pair becomes strongly localized within the corresponding quantum channel. The fermionic pairs in this channel resemble molecules with bosonic character.
Quantum confinement is known to influence fermionic condensates, resulting in quantum-size oscillations of superfluid/superconducting properties. Here we show that the impact of quantum-size effects is even more dramatic. Under realistic conditions, a significant phase-space reconfiguration induced by quantumsize effects opens a quasi-molecule channel in the fermionic pairing so that the condensed pairs exhibit features typical of a molecular state. As an illustration we consider a quasi-one-dimensional fermionic condensate, as realized, e.g., in cigar-shaped atomic Fermi gases or superconducting quantum wires. In this case the transverse quantization of the particle motion favors pairing through a coherent superposition of quantum channels that are formed due to the grouping of single-particle levels into a series of well distinguished subbands. Whenever the bottom of a subband approaches the Fermi level, the longitudinal spatial distribution of fermions in a condensed pair becomes strongly localized within the corresponding quantum channel. The fermionic pairs in this channel resemble molecules with bosonic character.
In 1960's Blatt and Thompson
1,2 calculated the energy gap of an ultrathin superconducting slab as function of its thickness and found a series of pronounced peaks. They called these peaks shape superconducting resonances. The physics behind this result is usually understood as follows. The spectrum describing the electron motion in the direction perpendicular to the film is quantized whereas a quasi-free electron motion is assumed in the direction parallel to the film. Due to the transverse quantization, the conduction band splits up into a series of single-particle subbands. The lower edges (bottoms) of such subbands are determined by the perpendicular discrete electron levels and, so, move in energy with changing thickness d (scaling as ∼ 1/d 2 ). Unlike the subbands, the Fermi level exhibits a significantly less pronounced size-dependent shift. So, the bottoms of the subbands pass through the Fermi surface one by one when increasing the thickness. Each time when the bottom of a subband approaches the Fermi surface, the density of single-particle states in the vicinity of the Fermi level increases, resulting in an enhancement of basic superconducting quantities, e.g., the critical temperature, the order parameter and the excitation gap. Thus, the formation of single-particle subbands due to quantum confinement manifests itself through quantum-size oscillations of the superconducting properties driven by a series of shape superconducting resonances (below they are also referred to as quantum-size superconducting/superfluid resonances or size-dependent superconducting/superfluid resonances).
For several decades after the paper by Blatt and Thompson, only few experimental groups reported possible signatures of quantum-size oscillations in superconducting films 3-5 . However, poor sample purity and significantly limited size control prevented definite conclusions.
Blatt and Thompson also argued (see Refs. [6] [7] [8] that similar physics could be expected for nucleon pairing in atomic nuclei as a consequence of the shell structure of the single-particle spectrum. This expectation was found to be in agreement with experimental data 9 and, for the next 40 years, atomic nuclei were the only system where quantum-size effects on the BCS fermionic pairing were investigated both experimentally and theoretically (for more details, see Ref. 10 and references therein). Advances in microstructuring of superconductors in the 90's renewed interest in quantum-size effects in superconducting systems. The work of Blatt and Thompson was extended by Bianconi, Perali and coworkers 11, 12 to quantum striped superconductors, where a sizeable amplification of the critical temperature and excitation gap was found in the presence of a shape superconducting resonance. Recent developments in nanofabrication have resulted in high-quality superconducting nanosystems, and the quantum-size oscillations of the critical superconducting temperature T c were eventually observed in single-crystalline atomically uniform in thickness Pb nanofilms [13] [14] [15] .
Furthermore, the results of a numerical self-consistent solution of the Bogoliubov-de Gennes (BdG) equations in Ref. 16 showed that the quantum-size superconducting resonances were responsible for a systematic thickness-dependent shift-up of T c found in high-quality aluminum and tin superconducting nanowires [17] [18] [19] [20] . Very recently quantum-size oscillations of the excitation gap were also reported for tin superconducting nanograins 21 .
Cooling of trapped fermionic atoms down to ultra-low temperatures such that the atomic gas is Fermi degenerate (see, e.g., Ref. 22) , resulted in another system promising for the investigation of quantum-size effects in fermionic condensates. In the case of trapped atomic
Fermi gases the single-particle levels can be tuned by laser light or magnetic fields through, e.g., changing the spatial dimensions of the trap. In particular, for a pancake-or cigar-shaped geometry the perpendicular trapping frequency ω ⊥ is much larger than the parallel one ω || .
In this case single-particle states form well distinguished subbands and the physical picture turns out to be similar to that in superconducting metallic nanowires and nanofilms, i.e., a quantum-size superfluid resonance can be expected when the bottom of a single-particle subband is located in the vicinity of the Fermi level. In particular, quantum-size oscillations of the critical temperature and order parameter were recently calculated for a superfluid
Fermi gas confined in a quasi-two-dimensional (quasi-2D) harmonic trap 25 . We note that fermionic condensates are now attainable even in the tight-confinement regime with only one perpendicular single-particle level below the Fermi energy 22 . Recently, experimental results on the first indications on quantum-size oscillations of the cloud-size aspect ratio in a harmonically trapped quasi-2D Fermi gas became available 26 . Maintaining the atomic cloud at the lowest attainable temperature and at a low number of atoms, the group of Vale 26 was able to detect the filling of the individual perpendicular levels, following in a quantitative way the dimensional crossover from 2D to 3D in a 6 Li Fermi gas, while keeping the 3D character of the two-particle scattering. This work clearly demonstrates that the experimental conditions to explore such a dimensional crossover and the accompanying quantum-size effects are presently achievable with ultracold atoms.
In this paper, we consider a quasi-1D fermionic condensate and show that the impact of the formation of single-particle subbands is more dramatic than simply resulting in oscillations of T c or the excitation energy gap. Significant reconfiguration of the phase space due to grouping of single-particle levels into a series of subbands (here quasi-1D means that we deal with more than one 1D subband of single-particle states) results in opening of a quasi-molecule channel in the fermionic pairing each time when the bottom of a singleparticle subband approaches the Fermi surface. Due to a "depletion" of the longitudinal
Fermi motion in such a subband the longitudinal spatial distribution of fermions inside a condensed fermionic pair squeezes and becomes strongly localized. In this case the system behaves similar to the well-known crossover from the Bardeen-Cooper-Schrieffer (BCS) pairs to the Bose-Einstein condensation (BEC) of quasi-molecules driven through the Feshbach resonance in ultracold Fermi gases (see, e.g., Ref. 22) . However, very different from previous case, the effect of interest is now controlled by the quantization of the perpendicular particle motion. By changing the transverse size of the system, one can change the energetic positions of the transverse single-particle discrete levels (bottoms of the single-particle subbands) with respect to the chemical potential µ. This leads to a significant redistribution of the kinetic energy between the transverse and longitudinal degrees of freedom in a subband and, so, to the above mentioned "depletion" of the longitudinal Fermi motion when the bottom of this subband approaches µ. Below, for illustration, we investigate a cigar-shaped atomic Fermi gas and a superconducting quantum wire. Similar results are also expected for quasi-2D fermionic condensates.
I. HARMONICALLY TRAPPED QUASI-1D SUPERFLUID FERMI GAS
We begin with the BCS self-consistent equation for the spin-singlet s-wave pairing gap ∆ k of a 3D Fermi gas with an attractive interaction, i.e.,
where
k stands for the quasiparticle spectrum, µ is the chemical potential and β is the inverse temperature (β = 1/k B T ). The standard scattering length regularization is introduced in the gap equation
(1) to avoid ultraviolet divergency in 3D. The interaction matrix element in Eq. (1) can be written in the form
where g = 4π 2 |a|/M, with a < 0 the 3D s-wave scattering length, and ϕ k (r) is the singleparticle wave function that is proportional to e ıkr (plane waves) in 3D.
When switching to a Fermi gas confined in a trap, the particle momentum label in Eqs. (1) and (2) should be replaced by an index for discrete energy levels because the relevant wave functions are not plane waves but solutions of the one-particle Schrödinger equation for the corresponding confined geometry. In this section we consider harmonically trapped fermions in an axially symmetric confining potential M(ω
where cylindrical coordinates are invoked. Due to the axial symmetry the relevant quantum numbers can be chosen as n = 0, 1, . . ., the radial quantum number; m = 0, ±1, ±2, . . ., the azimuthal quantum number; and j = 0, 1, . . ., the quantum number associated with the parallel (longitudinal) motion. For the aspect ratio of the trap we have l || /l ⊥ ≫ 1 (with l || = /Mω || and l ⊥ = /Mω ⊥ ) and, so, using the 3D pseudopotential g = 4π 2 |a|/M seems problematic due to the possible 1D character of the two-particle scattering. However, the aspect ratio is not actually the quantity that controls the character of scattering in a cigar-shaped many-particle system. The analysis of the two-particle scattering in an axially confined geometry, see, e.g., Ref. 27 , shows that the scattering rapidly becomes three dimensional when the number of contributing subbands (perpendicular levels) is more than 1. For parameters considered in this work this number varies from 6 to > 20. Thus we are far beyond the regime of the effectively 1D scattering and, so, any issue related to the confinement-induced Feshbach resonance in a 1D wave guide and the formation of confinement-induced molecules in a 1D Fermi gas (see, e.g., Refs. 22 and 28-31) are beyond the scope of the present work. To avoid any confusion, we would like to note once again that quasi-1D in the present work means that more than one transverse single-particle level contribute to the basic physical quantities.
By numerically solving Eqs. (1) (with k → ν = {n, m, j}), we self-consistently calculate for a given temperature a set of pairing gaps ∆ ν . Then, the critical temperature T c can be found as the temperature above which only the trivial (∆ ν = 0) solution to the problem exists. To obtain more information, e.g., concerning the spatial distribution of the pair condensate and the fermionic pairing correlations, we should take into account that Eq. (1) follows from the Bogoliubov-de Gennes equations provided that the particle-like and hole-like wave functions u ν (r) and v ν (r) are approximated as (see, e.g., Refs. 32,33)
with (U ν and V ν are taken real)
and ϕ ν (r) = ϑ nm (ρ, ϕ)χ j (z), where ϑ nm (ρ, ϕ) and χ j (z) are the eigenfunctions of the 2D (isotropic) and 1D harmonic oscillators, respectively. This approximation accounts for the pairing of time reversed states, and, as known since the pioneering paper by Anderson 34 , such a simplification yields quite reasonable results in the presence of time reversal symmetry.
Then, based on the Bogoliubov transformation of the field operatorsψ ↑ (r) andψ ↓ (r) to the quasiparticle quantum amplitudes γ ν,↑ and γ ν,↓ , i.e.,
one can study the superfluid pair correlations and the spatial distribution of the pair condensate. In particular, introducing the Cooper-pair "wave function" Ψ(r, r
we find
with
where T nmj = ω ⊥ (1 + 2n + |m|) + ω || (j + 1/2). It is worth noting that the regularization term 1/(2T nmj ) appears in the parenthesis of Eq. (5) as a simple extension to spatially nonuniform systems of the regularization used in Eq. (1). It is important to note that we have verified that different possible regularization schemes lead to insignificant differences in the physical quantities, preserving the basic conclusions of the present work, see a more detailed discussion in the end of this section. The single-particle states with the same n and m form a quasi-continuum. Therefore, it is natural to introduce single-particle subbands denoted by (n, m) (see Fig. 1 in Supplementary Information) and the subband dependent fermionic-pair "wave function" defined by Eq. (4). We remark that treating Ψ(r, r ′ ) as the wave function of a condensed pair of fermions goes back to the classical papers by Gor'kov 35 and Bogoliubov 36 and is directly related to the conventional interpretation of the order parameter ∆(r) = gΨ(r, r) as the center-of-mass Cooper-pair wave function. However, there exist also other ways to introduce the fermionic-pair wave function (see, e.g., Ref. 37 and 38) . Nevertheless, all these variants were shown 37 to result in the bulk Cooper-pair radius being proportional to the ratio of the Fermi velocity to the energy gap. In the present paper we are interested in the longitudinal Cooper-pair size in a quasi-1D fermionic condensate which can be calculated as
with Ψ given by Eq. (4). Below we deal also with the subband-dependent longitudinal size of condensed fermionic pairs ξ
which is controlled by ψ nm (z, z ′ ) and calculated from Eq. (6) with Ψ(r, r ′ ) replaced by ψ nm (z, z ′ ), i.e., ξ
For a numerical solution of Eq.
(1) (with k → ν = {n, m, j}), we consider a quasi-1D
harmonically trapped mixture of 6 Li atoms in the two lowest spin states, |F, m F = |1/2, 1/2 and |1/2, −1/2 . The pair interaction between these states can be significantly modified by kept constant, i.e., µ = h · 24 kHz and ω || = 0.01µ (ω || /2π = 240 Hz), while the trapping frequency in the perpendicular direction varies in such a way that discrete single-particle levels for the perpendicular single-particle motion pass through the Fermi surface when the ratio µ/ ω ⊥ reaches 2, 3, 4 etc. In our cigar-shaped confining geometry ω || is taken much smaller than ω ⊥ ∼ µ/ . The particular value of ω || in this regime appears to be of no importance (changes less than a few percent were found for ω || = 2π · 300Hz and 2π · 480Hz).
The chemical potential is chosen such that experimentally accessible values of the particle density and the ratio T c /T F are obtained, with T F denoting the Fermi temperature (for more details, see the discussion at the end of this section). pass through the Fermi surface and the corresponding quantum-size resonance develops (a subband whose bottom is in the vicinity of the Fermi surface is referred to as resonant). At this point subbands (0, ±1) make the major contribution to the basic physical quantities.
In particular, their common contribution to the integral of |Ψ(r 1 , r 2 )| 2 is about 70 -75%.
In other words, we may state that almost 70 -75% of the fermionic pairs come from these subbands. As a result, being close to ξ As l || ≈ 2.5µm, than ξ
is less than the mean inter-particle distance for µ/ ω ⊥ = 1.8 [see . It is also of importance to note that the ratio of the interaction energy to the total kinetic energy is not affected by the perpendicular quantization, i.e., it remains small enough even when the bottom of one of the single-particle subbands approaches the Fermi surface. The effect of interest is due to a redistribution of the kinetic energy between the parallel and perpendicular degrees of freedom in the subband whose bottom approaches µ.
In the previous paragraphs we considered the impact of the multi-subband structure on the off-diagonal longitudinal behavior of Ψ(r, r ′ ). It is of interest to check what happens with the diagonal function Ψ(r, r) that controls the order parameter ∆(r) = gΨ(r, r) and, so, the spatial distribution of the fermionic condensate. In 
. Unlike (n, m) = (0, 0), subbands with (0, ±1) produce a contribution localized around z = 0, which is in agreement with the quasi-molecule character of the fermionic pairing in these subbands. In panel (a) such a contribution does not have a significant effect on the longitudinal distribution of ∆(r). However, when the bottoms of subbands (0, ±1) cross µ, the corresponding shape resonance develops and the condensate distribution acquires a clear bimodal character, as seen from panel (b). Here the main con-tribution to the pairing correlations comes from the states with (n, m) = (0, ±1), which gives rise to a significant enhancement of the order parameter around z = 0, i.e. from z = −3 l || to 3 l || . Such a localization along the z direction disappears when the perpendicular level 2 ω ⊥ goes significantly below µ, as seen from Fig. 3(c) . Here we arrive at the BCS picture of the fermionic pairing in subbands (0, ±1), similar to that of (n, m) = (0, 0).
Next we discuss important physical characteristics such as T c /T F and k F |a| that are directly related to the problem of cooling the Fermi gas 22 . 
Such an estimate tells us that k F |a| varies from 0.56 to 0.7 at a = −140 nm when µ/ ω ⊥ increases from 2 to 4. At the same time, as follows from Fig. 1(a) , However, for such couplings the ratio T c /T F becomes significantly below its experimentally attainable lower bounds 0.05 -0.2.
We also note that small quantum-size oscillations in n p (ρ, z) are both qualitatively and quantitatively different from those observed in the fermionic condensate and, so, can in no way explain the qualitative changes in the pairing correlations discussed above. Although the common origin of oscillations in both single-and many-body characteristics is the formation of the subband structure, the superfluid quantum-size oscillations cannot be understood by looking at the single-particle density n p (ρ, z). For example, when the system goes through the first resonance, i.e., 1.7 < µ/ ω ⊥ < 2.8, the single-particle density in the center of the trap changes by about 20%, see Fig. 4 . Based on the homogeneous BCS theory, one can estimate that the corresponding change in the BCS coherence length is only about 7%, which is far smaller than observed in our calculations for a = −140 nm.
Another interesting quantity to discuss is the product k F ξ 0 that is used to to check the evolution of the fermionic condensate at the BCS-BEC crossover. According to the paper 40 , the intermediate region of a BCS-BEC crossover is approached when 1/π < k F ξ 0 < 2π.
This criterion corresponds, for a uniform 3D system, to the domain −1 < (k . However, in the vicinity of a quantum-size resonance, k (nm) F associated with the resonant subband significantly underestimates the mean longitudinal single-particle momentum due to the neglect of the contribution from pairing correlations. Moreover,
is not defined when the bottom of a subband is positioned above µ. So, a proper generalization of the criterion 1/π < k F ξ 0 < 2π for the subband-dependent BCS-BEC crossover can be of interest.
Several remarks are in order about the ultraviolet regularization used in our calculations.
As mentioned above, to arrive at an ultraviolet finite approach, we adopt the regularization by subtracting 1/(2T nmj ) in Eqs.
(1) (taken with k → ν = {n, m, j}), (4) and (5), which is a simple and straightforward extension of the regularization for homogeneous superfluid systems to our spatially nonuniform case. In fact, our procedure is a simplified version of a comprehensive scheme for spatially nonuniform systems suggested and investigated 
II. QUANTUM SUPERCONDUCTING NANOWIRES
The effect in question is universal and can also be expected for high-quality superconducting nanowires, when disorder is small enough and, so, scattering on imperfections do not shadow the formation of single-electron subbands due to the transverse quantization of electron motion. For conventional superconducting materials, e.g., Al or Sn, the bulk (zero-temperature) excitation gap ∆ bulk varies from 45 ∼ 0.1 to ∼ 1.0 meV and, so, the intersubband energy spacing δ ≈ have been attributed to these quantum-size effects 16 . We remark that at present the narrowest fabricated superconducting nanowires are aluminum samples with width down to 8
-11 nm (see Ref. 20).
All the formulas for the superconducting condensate in a quantum wire are similar to those of the previous section. However the relevant single-electron wave functions will be different. The electron motion is not quantized in the z direction (we deal with periodic boundary conditions with unit cell of length L) and, so, for
where i stands for the set of quantum numbers controlling the motion perpendicular to the nanowire; ∆ i (chosen real) is the subband pairing gap that does not depend on the longitudinal wavevector k (due to periodic boundary conditions in the z-direction); and
, where ε ik is the single-electron energy measured from the chemical potential, i.e., ε ik = ε i + 2 k 2 2me − µ with ε i the discrete perpendicular single-electron level. As seen from Eq. (7), there is no regularization term similar to that of Eq. (5). But instead, the sum in Eq. (7) runs only over the single-particle states in the Debye window, i.e., with |ε ik | < ω D , where ω D is the Debye frequency appearing in the problem due to the phonon mediated attraction between electrons. This is why the lower k 1 and upper k 2 cut-off momenta appear in the integral in Eq. (7). For k = k 1 , ε ik crosses the lower boundary of the Debye window, i.e., k 1 is a nonnegative solution of ε ik = − ω D . This is when the subband bottom ε i is situated below µ − ω D . When the subband bottom goes above µ − ω D , k 1 is set to zero.
In turn, k 2 is a nonnegative solution of ε ik = ω D provided that the subband bottom is below the upper boundary of the Debye window. When ε i > µ + ω D , we get k up = 0 and, so, such a subband does not contribute to the superconducting characteristics. A major contribution to the integral in Eq. (7) comes from the states in the vicinity of the minimum of |ε ik | so that in most interesting cases one can simply put k 1 = 0 and k 2 → +∞ (the resulting integral is perfectly convergent). It means that the presence of the cut-off does not significantly influence the longitudinal properties of a quasi-1D superconducting condensate and, in turn, our conclusions. Based on Eq. (7), one can calculate Ψ(r, r ′ ) from Eq. (4), where n, m are replaced by i and ϑ i is no longer the eigenfunction of the 2D isotropic harmonic oscillator but the single-electron wave function corresponding to the transverse quantum number i.
When inserting k 1 = 0 and k 2 = +∞ into the integral in Eq. (7), the decay length of is the chemical potential measured from the subband bottom. This imaginary part controls the decay of ψ i (z − z ′ ) with increasing z − z ′ , so that we obtain
When µ i /∆ i ≫ 1, i.e., the ratio of the longitudinal kinetic energy to the interaction energy in the corresponding subband is large enough, we arrive at the conventional result for the BCS coherence length, i.e., ξ 2 (µ − ω ⊥ ) for a cigar-shaped Fermi gas whereas for a metallic nanowire we have k F = 2m e / 2 . Then, one can find that the reason for the significantly more pronounced drop of the longitudinal BCS coherence length in the superconducting nanowire is the value of k F which is more than three orders of magnitude larger in metals. The effect of an increase of the typical excitation gap in metals by seven orders of magnitude as compared to a trapped atomic condensate is strongly weakened by the 10 4 -drop of the particle mass and, in addition, by the presence of the product m∆ under the square root. For instance, one can simply compare ξ
1/2 for typical metallic parameters of weak-coupling superconductors: We would like to remark that the above results for superconducting nanowires were calculated in the clean limit. In the presence of surface imperfections and disorder of real metallic nanowires the quantum-size oscillations of the longitudinal coherence length will be smoothed. However, such giant drops of ξ 0 can hardly be completely washed out (see discussion in Supplementary Information). Yet, it will be difficult to observe details of oscillations of the BCS coherence length due to fluctuations of the confinement dimensions of real samples. To capture the details, it is more promising to use materials with lower charge-carrier densities (e.g., semimetals and doped semiconductors). Such materials have larger λ F that controls the number of the occupied transverse modes and the width of the superconducting resonances (this width can be defined as a maximal variation of the nanowire diameter with no significant effect on a resonant enhancement). We can expect that for λ F ≫ 1 nm smoothing of quantum-size oscillations due to width fluctuations will be less significant.
III. CONCLUSION
Since the classical paper by Cooper 48 it is well-known that the configuration of the phase space available for scattering of time-reversed fermions plays a crucial role for the formation of condensed fermionic pairs. Indeed, only a strong enough attractive interaction between fermions with opposite spin in 3D is able to produce a two-body bound state in vacuum.
However, when scattering of fermions is influenced by the exclusion of a filled Fermi sea, i.e., the available phase space is restricted by exclusion of the single-particle states inside the longitudinal motion prevails. So, the resulting values of k F and T F = 2 k 2 F /2m e will be dependent on whether k F is estimated from the longitudinal kinetic energy or it is extracted from the energy of the perpendicular motion. Another issue of uncertainties is the choice of the relevant subband to extract k F . Notice that the above simple estimate is based on the longitudinal kinetic energy of the lowest single-electron subband.
A more accurate (but more time consuming) procedure to estimate the relevant k F in the center of the trap is to calculate the spatial particle distribution n e (r) and, then, to find the mean particle density in the center of the trap. In the mean-field approximation the quantity n e (r) is calculated through the coherence factors u ν (r) and v ν (r), see Eq. (3) in the article, i.e.,
with f ν = 1/(e βEν + 1), the Fermi distribution of the bogolons. We note that for a trap with axial symmetry the density of particles depends only on the radial coordinate ρ and the longitudinal coordinate z. Based on Eq. (3) of the article, one can rewrite Eq. (A1) as
where |ϑ nm (ρ, ϕ)| does not depend on the azimuthal angle ϕ. We note that no regularization similar to subtracting the term 1/2T nmj in Eq. (5) of the article is now needed. The sum in Eq. (A2) is convergent and, in addition, the regularization used in Eq. (5) of the article assumes the explicit presence of the coupling constant, which is not the case for the position dependent particle density n p (r), see Eq. (A1). A numerical solution of the self-consistency equation (1) of the article provides us with a set of ∆ ν 's that should be inserted into the above relation for n p (ρ, z). Our numerical results for n p (ρ, z) are shown in Fig. 4 of the article as contour plots. When checking the mean particle density in the center of the trap, one can find that it varies from 4 × 10 12 to 5 × 10 12 cm −3 . So, when taking n p = 4.5 × 10 12 cm −3 , we can find k F = (3π 2 n p ) 1/3 = 5.1 µm −1 and λ F = 2π/k F = 1.23 µm. This can be compared
2 (µ − ω ⊥ ) = 3.99 µm −1 and 4.88 µm −1 at µ/ ω ⊥ = 2 and at 4, respectively.
Both estimates produce close values for k F in the center of the trap but we obtain different trends for the mean density in the center of the trap. According to the simple estimate, n p plainly increases with µ/ ω ⊥ . Whereas n p found from the position dependent distribution of the particles slightly oscillates around 4.5 × 10 12 cm −3 .
Having at our disposal possible values of k F and using our numerical results given in Fig. 1 of the article, we can find T c /T F and k F ξ 0 as shown below in Fig. 7 for the simple estimate and Fig. 8 for the estimate based on n e (ρ, z).
Concluding this section, we would like to note that our results are not sensitive to the regularization procedure used in Eq.
(1) of the article (taken with k → {n, m, j}) in order to remedy the divergent sum (the ultraviolet divergence). For illustration, Fig. 4 shows numerical results for the critical temperature found when the regularization term 1/(2T nmj )
is abandoned in favor of a simple cut-off |T nmj − µ| < µ (µ ≫ ∆ nmj ), i.e., the sum in Eq. (1) is only limited to the single-particle states with energies satisfying this inequality. Note that similar cut-off is often used in papers on ultracold atomic gases, see, e.g., Refs. 25,41,44.
Though T c calculated with the cut-off regularization are slightly different as compared to the results given in Fig. 1 of the article, this difference practically disappears when making a small shift in the scattering length, i.e., a → a + 20 nm, see Fig. 9 . Thus, a particular way of ultraviolet regularization does not influence our results on quantum-size oscillations of T c , and the same holds for our conclusions about the size-dependent oscillations in the BCS coherence length. To go in a more detail about a role of imperfections in quantum superconducting nanowires, we remark that the surface roughness is here a major disorder mechanism. Indeed, in most papers 19, 20 the mean free path is estimated to approximately follow the nanowire width ℓ ∼ d, i.e., elastic scattering on the boundary imperfections controls the electron mean free path. So, we need to clarify whether or not the size-dependent drops of the longitudinal BCS coherence length found in the clean limit will be significantly influenced by the surface roughness. The first thing to do with this is to compare the Cooper-pair size ξ 0 with the electron mean free path. Beyond a resonant point ξ 0 increases up to microns and, so, we are in the dirty limit, i.e., ξ 0 ≫ ℓ. However, when approaching a point of the quantum-size superconducting resonance, ξ 0 drops down to values close to the nanowire diameter, see, e.g., Fig. 5 in the article (this is true for nanowires with d < 10 − 20 nm, for larger diameters the effect is washed out). As the mean free electron path ℓ is about d, then we obtain ξ 0 ≈ ℓ. So, the effect of disorder on the superconducting correlations is not significant: the suppression factor in Green's functions is e −r/2ℓ ∼ 1 for r ∼ ξ 0 . Thus, the elastic scattering on the surface imperfections will not significantly alter our conclusions: at points of the size-dependent drops we are close to the clean limit.
The above reasoning assumes that the density of single-electron states at the Fermi level For aluminum this is still three times smaller than the Debye energy.
Another reason for broadening of the single-electron levels is the hybridization with electrons of a semiconductor substrate, which is strongly dependent on the fabrication conditions. However, such a hybridization can be expected to be of importance for specimens with width down to a few monolayers like in ultrathin superconducting nanofilms.
Thus, based on the above discussion we can conclude that our results are quite stable to imperfections of real superconducting nanowires. These imperfections will definitely smooth quantum-size oscillations of ξ 0 but will hardly avoid the effect of interest.
Fluctuations
We work in the mean-field approximation and, so, one more point to discuss is the effect of fluctuations. It is well-known that fluctuations generally play an important role in low-dimensional systems. In superconducting nanowires the main focus is usually on the phase fluctuations of the pair condensate: thermally-activated and quantum phase slips, see, e.g., the paper 19, 49 . These fluctuations lead to a residual resistance remaining below 
